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Contributions

* Novel generative model which obtain sample quality similar to ProgressiveGAN (SOTA).

« A latent variable models training on a weighted variational bound.

« Connection between diffusion probabilistic models and denoising score matching with
Langevin dynamics.

« Score matching will be presented next week.

» Naturally admit a progressive lossy decompression scheme.



Generative Models

« Agenerative model is a statistical model of the joint distribution P(X,Y) on given observable
variable X and target variable Y.

« Adiscriminative model is a model of the conditional probability P(Y|X = x) of the target Y, given
an observation x.

» And classifiers computed without using a probability model are also referred to loosely as “discriminative”.
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Discriminative and generative models of handwritten digits.

Jebara, Tony. Machine Learning: Discriminative and Generative. The Springer International Series in Engineering and Computer Science. 2004.
Google developers documents. https://developers.google.com/machine-learning/gan/generative



https://developers.google.com/machine-learning/gan/generative

Generative Models in Computer Vision

» Generative models that work via the principle of maximum likelihood.

v Direct

Maximum Likelihood
/ \ / GAN

Explicit density Implicit density

-\ S

' - : Markov Chai
Tractable density Approximate density o o

. : GSN
-Fully visible belief nets
_NADE SN

_MADE Variational 'Markov Chain
-PixelRNN Variational autoencoder Boltzmann machine
-Change of variables Score-based models
models (nonlinear ICA) Diffusion models

A taxonomy of deep generative models.

Goodfellow, lan. "Nips 2016 tutorial: Generative adversarial networks." arXiv preprint arXiv:1701.00160. 2016.



Maximum Likelihood Estimation

« MLE process: 8, = argmax P(D|6)
6
* Log likelihood: log P(D|0) = Ex.p ., [108 Dmoder (x; 6)]
« KL divergence between data generating distribution and the model

* Oug = arg;nin DKL(pdata(x) I Drmoder (X; 9))

* = argznin Ex~pyata [log Paata (%) — 108 Pmoger (x; 6)] = arggnax Ex~piata [log Prmoaer (x; 0)]

(@) (b) (c)

0" = arg;nax Eg~paata 108 Pmodel (T | 0) Optimization results using forward (a) / reverse (b), (c) KL divergence

Maximum likelihood estimation process.

Goodfellow, lan. "Nips 2016 tutorial: Generative adversarial networks." arXiv preprint arXiv:1701.00160. 2016.
Murphy, Kevin P. Machine learning: a probabilistic perspective. MIT press, 2012.



Diffusion Models: Notation

p(xo.7): Joint distribution of x,, x4, ..., X7

q: Real distribution (p44tq)

pe. Modelled distribution parameterized by 0 (p.,04e1( - ; 6))

Forward process (diffusion process): q(x;|x;_1) = N (x¢;@xi—1, 1 — ;)  Scheduled by a, and g, = 1 — a,

* Then, q(x:|xq) = N (x¢; /@xo, (1 — @ )I) where @, 2 [1i-; a;.
Derived from Mathematical Induction and the definition of the Gaussian distribution.
Reverse process (denoising process): pg (xs—1|x;)

p9Xt1|Xt
= H@ @H H

\__—’

Figure 2: The directed graphical model considered in this work.

Sohl-Dickstein, Jascha, et al. "Deep unsupervised learning using nonequilibrium thermodynamics." ICML. 2015.



Diffusion Models: Maximum Likelihood Estimation

* Let’s maximize the log-likelihood E, ,[logpg(xo)].

pe(xg) = jpg (xo.7)dx,.r  Marginal distribution

q(x1.71%0)
q(x1.71%0)

dxq.r

= jPG(xO:T)'

HZ=1 po(xe_qlxt)
{:1 q(xelxe—1)

- q(xq.7lx0)dxy.7

= jpe(xT)'

po(xe_1lxt)
] q(xelxe—1)

dxq.r

= jpg(xT) - q(xq.7]%0) -

T
po(xe—qlxe)

) q(xelxe—q)

- IExl:T"'q(xl:Tle) Po (xT) )

Sohl-Dickstein, Jascha, et al. "Deep unsupervised learning using nonequilibrium thermodynamics.” ICML. 2015.



Diffusion Models: Maximum Likelihood Estimation

* Let’s maximize the log-likelihood E, ,[logpg(xo)].
Eyy~qllogpe(xo)]
— [1ogpo (o) - aCoddxg

T
Po(xe—1lx¢)

1 q(xelxe—1)

= jlog IEX1:T~CI(x1;T|xo) po(x7) - - q(xo)dx, Previous slide

T

po (Xe—1lx¢) Evidence Lower BOund (ELBO)

= j B r~a(rrrlxo) [108 po(xr) - 1_[ q (x| xp_q) +q(xo)dxo or Variational bound
t=1

Jensen’s inequality

Equality holds iff pg (x7) - H{zlw is constant for all x;.;.
a(Xe|xe—1)

Sohl-Dickstein, Jascha, et al. "Deep unsupervised learning using nonequilibrium thermodynamics.” ICML. 2015.



Diffusion Models: Deriving the ELBO

« Understanding equality of the ELBO w.r.t. KL divergence.

Po (xO:T) )

q(x1.71%0)

pe(x : )
= [Ex1:T~CI(x1:T|xO) [log (q(xliTolio))]

logpg(xo) = log (Exl:T~CI(x1:T|x0) [

 Then,

po (ror) | po (xor)
10826 (X0) = Exy r-q(x1.11x0) [log (q(fmo&o))] = Pxura(xylo) [ 08Po (o) — log (q(fcl:Tolio))]

_E -l q(x1.7|%0)
o xl:T~q(x1:T|x0) 08 Po (xl:Tlxo)

= DKL(CI(X1:T|XO) Il po (xl:Tle)) =0

Equality holds iff qg(xq.7|xo) = pg(x1.71x) is constant for all x;.¢

Sohl-Dickstein, Jascha, et al. "Deep unsupervised learning using nonequilibrium thermodynamics.” ICML. 2015.



Diffusion Models: Training Objective

* Let’s minimize the negative log-likelihood —E, ,[logpg(xo)].

_]Exo~q[logp9(x0)] :f_[Ex1;T~CI(x1;T|XO) log| po(xr) -

T
= [Exogwq —logpy(x7) — Z log
t=1

T
po(xe_qlxt)

) q(xelxe—q1)

Previous slide

- q(xg)dxg

po(xe—1lx¢)
q(xelxe—1)

=) Equation (3) in the paper

q(x¢e—1lxe,x0) =

Assumption of the Markov Chain

q(xelxe_1, 70)q (xe_11%0)

q(xelxo)
1 exp| — [lce — «/a_cxt-1||2 . 1 exp (_ lle—1 =+ &t—1x0”2>
J1—a, 21 2(1—-ay) J1—a,_,-2rm 2(1 —a;—4)

. (_nxt—ﬁxonZ)
-a, vor P\T 20-a)

1—(,7t

(77
_ N<xt_1;‘/ 1B

X0

N - 1-a, 5 1)

— t —
1—(It 1—6(,_-

1. We cannot change it to the KL divergence form directly.

2. We don’t know q(x;_1|x;).
Therefore, we change it into a gaussian distribution q(x;_1|x¢, x0),

and make it in the form of KL divergence.
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Sohl-Dickstein, Jascha, et al. "Deep unsupervised learning using nonequilibrium thermodynamics." ICML. 2015.



Diffusion Models: Training Objective

N po(xe_1l|xt)
LZEy ~q|— logpg (x7) — z log q(x, 1% 1)
t=1
po(xe—1xt) po(xolx1)
= Ex,r~q |— 108 D0 (x7) — tzz:log 1O lxe) — log G x0) Handle the g(x;|x,)

Po(xe—1lxe)  q(xe—1lxp) lo po (xolx1)

[ T
Xo:7~q —logpe(xT)—Zlog—' — 108
: — |q(xt_1|xt,xo)| q(x¢lxo) q(x1]x0)

Desired term

_E —log Pe( T) zl po (xe—1lx¢) — log pg (xolx:)
o CI(lexO) Q(xt—1|xt;xo) o0l

Xo-7~(q DKL(CI(xT|Xo) I Po (xT)) + 7 DKL(CI(xt—1|xt» xo) Il pg (xt—llxt)) — log pg (xolx1)

t=2
Lt Li—s Lo
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Sohl-Dickstein, Jascha, et al. "Deep unsupervised learning using nonequilibrium thermodynamics.” ICML. 2015.



Forward Process and Ly

Ly = DKL(CI(lexO) Il Po (XT))

* q(xr|xy) converges to standard Gaussian distribution.
« We assume py(x7) as the standard Gaussian distribution.

« = Do not have to train @ in this term.

12



Reverse Process and Ly.7_1

Li_q = DKL(CI(xt—llxt» xo) Il po (xt—llxt))

2

Ot
. _ \/tlﬂt \/_(1 At 1) 16¥t1
q(xe_qlxe, x0) = (xt LT t) (1—a,) ,Bt
Estimate 1. u (x ,t)  Estimate Z4(x,,t) or use o/
* po(Xi—q1lxs) = N(xt—1i.u9 (x¢, 1), Zg (x¢, t)) 2. xg(xf, t) o t

3. €g(xs, t)
« Reparametrize with x,(x,,t) = \/a@xy + /1 — @€ for e~N'(0,1) and estimate €4 then minimize L,_,
can be same as Contribution of DDPMs

i Bt
%0, ZO't at(l - )

le — €g(x¢, O ]
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Simplified Training Objective

« Simplified objective aggregates L;_, and L,.

 Ignoring weight of ¢t and discrete Gaussian distribution.

8 /
Ly = Ey . e = e (JTxo + JT=Te )| ]

207 — @)
Lsimple(e) = IIzt,xo,e “lE - EtS’(\/CY_txO +J1- CYte' t)” ]

Table 2: Unconditional CIFAR10 reverse B2
process parameterization and training objec- coefficient = t

tive ablation. Blank entries were unstable to 20fa,(1 — a,)
train and generated poor samples with out-of-
range scores.

0.6 4 0.6
* Objective 1S FID 05 import numpy as np
. diction (baseline) ' %1 import matplotlib.pyplot as plt
[ prediction (baseline
0.4
L, learned diagonal 3 7.2840.10  23.69 z A betas = np.linspace(le-4, ©.02, 1000)
L, fixed isotropic 8.064£0.09  13.22 £ 03 - alphas = 1 - betas
||ﬁ_ﬁ9||2 _ _ 8 st alphas_cumprod = np.cumprod(alphas)
2] sigmas = (1 - alphas_cumprod[:-1]) / (1 -
€ prediction (ours) . 2] alphas_cumprod[1:]) * betas[1:]
. ff = bet ig] &% 2 2 * si &
L, learned diagonal 3 - - 0.1 ;(l)shas[l’? isgl ] alphaé Eumpr‘Z;%T??))
. . 0.0 4 & - | .
ﬁ‘: fixed 1|S|‘;“(‘£"C = ) 97'2;18' oo R I T T ; ; ; : ;
€ — €9 simple . . .

timesteps timesteps
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Data Scaling, Reverse Process Decoder, and L,

Lo = Exyp~ql—10gpe(xolx,)]

« We assume that image data consists of integers in {0, 1,..., 255} scaled linearly to [—1, 1].

« Set the last term of the reverse process to an independent discrete decoder derived from the
Gaussian N (xg; ug(x1, 1), a21).

5+($0 _
po(3xolx1) = H/M N ),07) da
370
00 ifr=1 — 00 ifr=-1
) — 5 (1) = oning into [
+() {x—kzlﬁ ifr <1 (z) {x—% ifr>—1 Clipping into [, 1]

In practice, this term is optimized by MSE Loss.
Furthermore, there is no independent decoder.

15



Inference Algorithm

 Although training can be done by single step, inference can not be done by singe step.

« E.g., autoregressive models.

peth]Xt
@ —~®— O H

Xt|Xt 1

Figure 2: The directed graphical model considered in this work.

Algorithm 1 Training Algorithm 2 Sampling
I: repeat 1: x7 ~ N(0,1)
2 X0 ~ q(%o) 2: fort=T,...,1do
3’1- b~ Ij}l(léoiT({lv o T} 3 7~ N(0,T)ift > 1,elsez = 0
C e~ ’ o
5: Take gradient descent step on 4 xe-1 = \/%7 (Xt - ﬁeé’(xt:ﬂ) + 0tz
VQHE—EQ(\/C_HX()—I—\/I—&te,t)HQ 5: end for
6: until converged 6: return xo




Architecture

 U-Net backbone similar to an unmasked PixelCNN++.

« Parameter are shared across time, which is specified to the network using the Transformer
sinusoidal positional embedding.

» Use self-attention at the 16 x 16 feature map resolution.

r )
32x32 16x16 8x8 8x8 16x16 32x32 |;| = Sequence of 6
D layers
"
: I:I = Downward stream
— s
H = Downward and
H rightward stream
E e = |dentity (skip)
T connection
—p = Convolutional
connection
\L o

Figure 2: Like van den Oord et al. (2016¢), our model follows a two-stream (downward, and
downward+rightward) convolutional architecture with residual connections; however, there are two
significant differences in connectivity. First, our architecture incorporates downsampling and up-
sampling, such that the inner parts of the network operate over larger spatial scale, increasing com-
putational efficiency. Second, we employ long-range skip-connections, such that each k-th layer
provides a direct input to the (K — k)-th layer, where K is the total number of layers in the net-
work. The network is grouped into sequences of six layers, where most sequences are separated by
downsampling or upsampling.

Salimans, Tim, et al. "Pixelcnn++: Improving the pixelcnn with discretized logistic mixture likelihood and other modifications." arXiv preprint arXiv:1701.05517. 2017.
https://github.com/lucidrains/denoising-diffusion-pytorch/blob/aab2b04e95a266568ff768c8175d2c9bclb66d4e/denoising_diffusion _pytorch/denoising_diffusion_pytorch.py#L267

17


https://github.com/lucidrains/denoising-diffusion-pytorch/blob/aab2b04e95a266568ff768c8175d2c9bc1b66d4e/denoising_diffusion_pytorch/denoising_diffusion_pytorch.py#L267

Qualitative Results
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Figure 3: LSUN Church samples. FID=7.89 Figure 4: LSUN Bedroom samples. FID=4.90
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Quantitative Results

Table 1: CIFAR10 results. NLL measured in bits/dim.

Model IS FID NLL Test (Train)
Conditional

EBM [11] 8.30 37.9

JEM [17] 8.76 38.4

BigGAN [3] 9.22 14.73

StyleGAN2 + ADA (v1) [29] 10.06 2.67

Unconditional

Diffusion (original) [53] < 5.40
Gated PixelCNN [59] 4.60 65.93 3.03 (2.90)
Sparse Transformer [7] 2.80
PixellQN [43] 5.29 49.46

EBM [11] 6.78 38.2

NCSNv2 [56] 31.75

NCSN [55] 8.87+0.12 25.32

SNGAN [39] 8.224+0.05 21.7

SNGAN-DDLS [4] 9.094£0.10 15.42

StyleGAN2 + ADA (v1) [29] 9.74 + 0.05 3.26

Ours (L, fixed isotropic X) 7.67+0.13 13.51 < 3.70 (3.69)
Ours (Lgsimple) 9.46+0.11 3.17 < 3.75(3.72)
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Progressive Coding: Rate-Distortion Theory

« Rate (bits/dim): L; + -+ + Ly

 Distortion (RMSE): \/lle — Xoll?/D

Algorithm 3 Sending xg Algorithm 4 Receiving
1: Send x1 ~ q(xT|X0) using p(xr) 1: Receive x7 using p(xr)
2. fort=T-1,...,2,1do 2. fort=T-1,...,1,0do
3: Send x¢ ~ q(X¢|Xt+1,X0) using pg(X¢|Xi+1) 3: Receive x; using pg(x¢|X¢+1)
4: end for 4: end for
5: Send xg using pg(xo|x1) 5: return xg
1 1 T [T 1 T T
= 60 |- - 5 i c | 2 60
< i 1z 1 H =
5 sl £ i I Decrease steeply
S a0l 1 3 o5 E Ll Majority of the bits are indeed
a 0 ol | A ol — allocated-to imperceptible distortions
I | [ | [ I [ | [ B | | i ', * -
0 200 400 600 800 1,000 0 200 400 600 800 1,000 0 0.5 1 1.5
Reverse process steps (T" — ) Reverse process steps (T — 1) Rate (bits/dim)

Figure 5: Unconditional CIFAR10 test set rate-distortion vs. time. Distortion is measured in root mean squared
error on a [0, 255] scale. See Table 4 for details.
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Progressive Coding: Estimate X, directly.

« We can directly estimate X, for each timestep using x, = (xt —J1— aseq (xt)) YN

[— C——
- :

T R T R T

Figure 6: Unconditional CIFAR10 progressive generation (Xo over time, from left to right). Extended samples
and sample quality metrics over time in the appendix (Figs. 10 and 14).

Share X,

Figure 7: When conditioned on the same latent, CelebA-HQ 256 x 256 samples share high-level attributes.
Bottom-right quadrants are x;, and other quadrants are samples from pg (xo|x¢).
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Interpolation

« Large t results in coarser and more varied interpolations, with novel samples at t = 1000.

Diffused source
X, ~ qx, | xo)

Denoised
interpolation

Image
manifold

Pixel-space Source X
interpolation

lllustration of interpolation with diffusion models

Source Rec. A=0.1 A=0.2 A=0.3 A=0.4 A=0.5 A=0.6 A=0.7 A=0.8 A=0.9 Rec. Source
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Figure 9: Coarse-to-fine interpolations that vary the number of diffusion steps prior to latent mixing.
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Contributions

* Novel generative model which obtain sample quality similar to ProgressiveGAN (SOTA).

« A latent variable models training on a weighted variational bound.

« Connection between diffusion probabilistic models and denoising score matching with
Langevin dynamics.

« Score matching will be presented next week.

» Naturally admit a progressive lossy decompression scheme.



